10 Pasch Geometries

Definition (Pasch’s Postulate (PP))
A metric geometry satisfies Pasch’s Postulate (PP) if for any line £, any triangle AABC, and any
point D € € such that A— D — B, then either {NAC =0 or £ BC = 0.

Theorem (Pasch’s Theorem) If a metric geometry satisfies PSA then it also satisfies PP.

1. Prove the above theorem.

Definition (Pasch Geometry)
A Pasch Geometry is a metric geometry which satisfies PSA.

Theorem Let {S, £, d} be a metric geometry which satisfies PP. If A, B, C are noncollinear and if the
line £ does not contain any of the points A, B, C, then ¢ cannot intersect all three sides of AABC.

2. Prove the above theorem.
Theorem If a metric geometry satisfies PP then it also satisfies PSA.
3. Prove the above theorem.

4. (Peano’s Axiom) Given a triangle AABC in a metric geometry which satisfies PSA and points
D, E with B—C-D and A—-E - C, prove there is a point Fel(ﬁ) with A—F—-B,and D—-E—-F.
9. Given AABC in a metric geometry which satisfies PSA and points D, F with B—C - D,
<«
A —F — B, prove there exists E € DF with A—E—-C and D—-E —F.

6. Given AABC and a point P in a metric geometry which satisfies PSA prove there is a line
through P that contains exactly two points of AABC.

Definition (Missing Strip Plane)
The Missing Strip Plane is the abstract geometry {S, L} given by
S={(xy)eR*|x<0or1<x},
L={¢(NS | is a Cartesian line and { NS = (}.

7. Given the following pairs of points: (i) (2,3) 11. Prove that the Missing Strip Plane is an
and (3,-1); (ii) (0,3) and (1/2,-2); (iii) (-1,4) incidence geometry.

and (2,7). If the given pair of points lies in the
point set of the Missing Strip Plane, find the line
through that pair of points.

Proposition If {S, £} is the Missing Strip Plane
and € =L,,;, then g, : {NS — R is a bijection
(for definition of g, see lecture notes or in book
8. If lines lq, €y and {5 in the Missing Strip on page 79).
plane satisfy:
{, is parallel to ¢, and
{5 is parallel to €3, Proposition The Missing Strip Plane is not a
is it true that €; is parallel to €37 Justify your Pasch geometry.
answer.

12. Prove the above proposition.

13. Prove the above proposition.
9. Given that a metric geometry satisfies PSA
if and only if it is a Pasch geometry, give an
example to show that the Missing Strip Plane
does not satisfy PSA.

14. Let S denote the set of points of the
Missing Strip plane. Find all lines in this plane
through the point (—1,1) which are parallel in
the Missing Strip plane to (i) the line L, N S; (ii)

10. Let S denote the set of points of the the line L_; ,NS.

Missing Strip plane. Find all lines in this plane
through the point (2,0) which are parallel in the

Missing Strip plane to (i) the line L_; NS; (ii) —
the line L; , N S. C —E—B, is it always the case that AENCD = ()7

15. Given a triangle, AABC, in a metric
geometry, and points D, E with A—D — B and
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11 Interiors and the Crossbar Theorem

Theorem In a Pasch geometry if A is a non-empty convex set that does not intersect the line €,
then all points of A lie on the same side of €.

1. Prove the above theorem.

Definition (interior of the ray, interior of the segment)

=l

—
The interior of the ray AB in a metric geometry is the set int(AB) = AB —{A}. The interior of

the segment AB in a metric geometry is the set int(AB) = AB—{A,

o)

}.

|

@)

— —>
2. Prove that in a metric geometry, int(AB ) int( BA ) and int(B
and int(AB) are convex sets.

) lie on opposite sides of €.

3. Prove the above theorem.
Theorem Let A be a line, ray, segment, the

interior of a ray, or the interior of a segment in a Theorem (Z Theorem) In a Pasch geometry, if
Pasch geometry. If £ is a line with AN€ =0 then p 554 Q are on opposite sides of the line AB
all of A lies on one S(l—)de of €. If there is a @t B then BP A A—(j) — 0. In particular, BPNAQ = 0.
with A—B-C and ACN¢ = {B} then int(BA)

and int(BA) both lie on the same side of € while 4. Prove the above theorem.

Definition (interior of <ABC)
In a Pasch geometry the interior of LABC, written int(£LABC), is the intersection of the side of

> >
AB that contains C with the side of BC that contains A.

Theorem In a Pasch geometry, if int(ﬁ)) C int(£ABC).
£LABC = £LA’B’C’ then
int(£ABC) = int(£LA’B'C’). Theorem (Crossbar Theorem) In a Pasch

—
geometry if P € int(£ABC) then BP intersects
9. Prove the above theorem. AC at a unique point F with A—F - C.

Theorem In a Pasch geometry, P € int(£LABC) if
) ) <> 9. Prove the above theorem.
and only if A and P are on the same side of B

—
and C and P are on the same side of BA. Theorem In a Pasch geometry, if CPNAB=10
then P € int(£ABC) if and only if A and C are

6. Prove the above theorem. >
on opposite sides of BP.

Theorem Given AABC in a Pasch geometry, if 10
A—P—C then P €int(£ABC) and therefore - Prove the above theorem.

int(AC) C int(£ABC). Theorem In a Pasch geometry, if A—B— D then
7. Prove the above theorem. P e int(£ABC) if and only if C € int(£DBP).

8. In a Pasch geometry, if P € int(£ABC) prove 11. Prove the above theorem.

Definition (interior of AABC)
In a Pasch geometry, the interior of AABC, written int(AABC), is the intersection of the side of

> <> >
AB which contains C, the side of BC which contains A, and the side of CA which contains B.

Theorem In a Pasch geometry int(AABC) is 14. In a Pasch geometry, if CPNAB = 0, prove
—
convex. that either BC = ﬁ), or P €int(LABC), or
12. Prove the above theorem. C € int(LABP).
13. In a Pasch geometry, given AABC and 15. Prove that in a Pasch geometry,

points D, E, F such that B—-C—-D, A—E—-C int(£ABC) is convex.
and B—E —F, prove that F € int({ACD).
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5. Given the following pairs of points: (i) (2,3) and (3,-1); (i) (0,3) and (3,-2); (iii)
(—1,4) and (2,7).
For both the Moulton Plane and the Missing Strip Plane, if the given pair of points lies
in the point set for that geometry, find the line through that pair of points.

(E) (D (23 and (3,71). A o
Meltsn Plore. : o) o
hogabwe Slepe  So Aiie : | -

e 00 Cucldoar lite . I

_ __%W b =D - — Lf- ‘ . L P (’.g%;x} |

e bt et =i = 1 3 ‘ i

o ?——4x+k: MNJ%WWLﬂﬁ\ 2= —a2-+4k, k=)

N %-»—»_‘.-fwe;ﬂl, o |

___LP) “_ e e s e s p—— - s

. Misig sw fane T Same poits ave i plare,
_So. /&M o L S—a 79 _ M:m:’ffz/ﬁz fin aZsuny.
) | - Shiy ploe
L {l\) /D 5> M ( 2\’-2) LO\./H@\ b+ IAV\\h s ﬂ/_ W@guytg o1 jglb@n(
R Mewter Powe s - -
%Y{ b 3—(2) =5 - —-jo, wom S0 e o
'o—~- 5 —L

Sows ap Enclizemme w%>-%a—mz+5 m-L_mgmm“




i) (=l awd (2,7T7). |
| }%\% 6 -4 = 3 %f Giddoar (e .
9"(“’)_“._,,._.*_,3 L ()
Mazdbon _JZ?ULM“ __ Shypem __/(0b) ‘\S/(A\'a& Lo
Toke [O)b) sofeat ) /| |
(—,6) b o) s Stepe
bl = btk (=)

on [ R
oud. / O,b) % (2,7) haro Sepe j’b\ e LS e

bt = QTR o beg T s b llp

Than ft:o_ Mowlhon_ Aiie 0 M B o

J a7 /g,.

f\/b%w %\n Mw |
5651: b%vwff e e Tix P{-A—vse, ~
The bt i e Ewumw tm%mdﬁd e T /haws&—&a@




B1 (4 marks) If lines £y, £, and /5 in the Missing Strip plane, where the missing strip

is {(z,9) | 0 < & < 1}, satisfy:
¢, is parallel to 4, and fs is parallel to £,

is it true that ¢, is parallel to £3? Justify your answer. .
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(b) (8 marks) QGiven that a metric geometry satisfies PSA if and only if it is a |
Pasch geometry, give an example to show that the Missing Strip Plane does
not satisfy PSA. (Recall that the point set is R? \ {(z,7} | 0< z < 1}.) .
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7. If S denotes the set of points of the missing strip plane, find the lines through the point
(2,0) which are parallel in the missing strip plane to:

(a) the line L 1 NS; (b) the line L1 N S.
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8. In the Missing Strip plane (S, £), for the line £ = L,,;, define
auley) = fo(z,y) ifz <0
’ fe(z,y) —V1+m? ifz>1.

Verify that g, : ({NS) — R is a bijection.
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12. Given a triangle, AABC, in a metric geometry, and points D, E with A—D—B and
C—FE—B, is it always the case that AENCD # (7

Explain your answer carefully.
(Hint: Recall that the Missing Strip plane is not a Pasch geometry.)

-

SOLUTION:

Not so, in a metric geometry which isn’t Pasch. An example in the Missing Strip plane
suffices to show this. Take A = (—1,0), B = (2,0) and C = (2,3). Then take points
D = (~1,0) with A—D—B, and E = (2,2) with C—E—B.

Recall that the missing points are {(z,y) | 0 < = < 1}.

Now the line joining D and C' has slope 6/5 and equation y = gx + %, while the line
joining A and E has slope 2/3 and equation y = %x + % These lines must be taken to
intersect the points of the plane. They would meet at (g,2), but this point is not in

the Missing strip plane, so in this plane, AE N CD = ().
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